INTRODUCTION
Many millions of people around the world are affected by a lack of clean drinking water. According to the WHO/UNICEF JMP 2012 update, there are over 780 million people worldwide who do not have access to an improved drinking-water source [1] . This issue particularly affects the poor in developing countries and leads to many thousands of deaths each year due to water-borne illness [1] .
Tata Chemicals Ltd. decided to address this problem by developing a point-of-use filtration system designed specifically for the Indian market. This product, the Tata Swach, provides bacteria-and virus-free water to households at an affordable price.
Out of a desire to get the product to market as quickly as possible, the filter was designed using an iterative approach. Components were prototyped and tested until an acceptable level of performance was reached. Now that there is a desire to optimize the product and increase the rate of filtration, it is necessary to understand the physical phenomena behind the filter's operation. This paper outlines the development of a mathematical model and design tool that can be used to optimize flow rate in the Tata Swach. A description of the filter's basic operation and key features is provided. The theory behind the mathematical model is also explained. A design tool is presented which allows filter designers to input certain physical parameters and predict the resulting flow rate through the filter. This design tool will be used to show that flow rate can be increased by 50% by making minimal changes to the design. Parameters for achieving the optimized flow rate are specified. Experimental results, which confirm the conclusions of the design tool, are presented. Finally, the broader implications of this research are provided, and recommendations for future development are given.
FILTER OPERATION
The Swach operates without electricity or access to a running water source. As shown in Fig. 1 , dirty water is poured into the upper container through a mesh pre-filter. The static water creates a pressure head, which drives the water through the filter element, or bulb, where the purification takes place. Once it has passed through the bulb, the water is stored in the lower container until used by the consumer. Figure 2 shows the path that water takes as it passes through the bulb. First it enters the outer body of the bulb and flows to the bottom where it begins to filter up through the inner body. The inner body contains compacted rice husk ash (RHA), which has been infused with silver nanoparticles. As the water passes through the RHA, two purification processes take place. First, the carbon particles (which comprise 10-15% of the RHA) trap organic contaminants, which can affect odor and taste. Second, silver ions are released into the water, neutralizing viruses and bacteria. This process is time sensitive (i.e. the longer the water is in contact with the silver nanoparticles, the more ions will be released and the more microbes will be destroyed). For this reason residence time, defined as the amount of time the water spends within the RHA, is an important design parameter. After passing through the RHA, the water passes through a small nozzle (referred to as the flow-restricting nozzle) and enters the end-of-life (EOL) mechanism. The EOL has a water-soluble tablet that is designed to dissolve completely after 3 m 3 (3000 L), allowing a spring to close a valve and stop flow through the bulb. This is meant to provide a cue to the consumer that the effective life of the bulb is spent and the bulb requires replacement. After exiting the EOL, the water passes through a mesh post filter, which traps any RHA particles that escape from the bulb. Once through the post filter, the water enters the lower container and filtration is complete.
PAST WORK
In order to ensure that the filter achieves a 6-log reduction of bacteria and a 4-log reduction of viruses (meeting or exceeding US-EPA standards), Tata Chemicals conducted extensive tests on their prototypes [2] . Given a certain amount of RHA in a prototype, an acceptable flow rate was determined experimentally without respect to residence time. The flow rate was controlled by the size of the orifice in the flow-restricting nozzle and successively lower flow rates were tested until the desired purification was achieved. The current design of the bulb yields a maximum flow rate of 1.67E -6 m 3 /s (6 L/hr) when the upper container is full and the pressure head is at its greatest. By developing a physical understanding of how each element within the filter affects the flow rate and residence time, an optimized flow rate can be achieved while ensuring the same level of purification.
MATHEMATICAL MODEL
Flow through the bulb is analogous to current in an electrical circuit as shown in Eqs. (1) and (2) . In an electrical circuit, current is equivalent to a potential difference divided by an electrical resistance; in a fluid circuit, flow rate is equivalent to a pressure difference divided by a flow resistance.
The total pressure difference of the system is created by the hydraulic head above the bulb and is given by the hydrostatic equation:
where ! ! is the pressure at location 1 (refer to Fig. 2 ). The pressure just after the flow-restricting nozzle (inside the EOL) is atmospheric because vents in the side of the mesh post filter and the fact that the EOL never fills with water (flow is slow enough that water simply drips through the EOL) allow atmospheric air to reach the top of the EOL. In order to simplify calculations, h 1 is measured to the top of the bulb rather than the bottom (i.e. h 2 is neglected). The hydrostatic contribution of h 2 is compensated for by the fact that elevation gain through the RHA is also neglected. There are several resistances that contribute to the total resistance of the system: the resistance of the RHA, major losses, and minor losses.
RHA Resistance
The resistance of the RHA can be determined from Darcy's Law for flow through a porous medium:
where ! is the permeability of the RHA, ! is the cross-sectional area of the RHA, ∆! RHA represents the change in pressure across the porous medium, ! is the viscosity of the water, and ! is the length of RHA. Note that this form of Darcy's Law assumes flow driven by pressure only (i.e. the elevation gain through the RHA is neglected). Comparing this equation with Eq. (2), it can be seen that the effective resistance of the RHA is given by
Because ! is dependent on factors such as grain size and particle arrangement, which are difficult to determine, its value was chosen based on experimental results [3] . Several experiments were conducted (detailed later in this paper) during which flow rate and pressure were measured. With all other variables known, ! was back-calculated to fit the data.
Note also that there are two mesh screens on either side of the RHA that prevent the medium from dispersing with the water. Since it was impossible to isolate these screens from the RHA without disrupting the RHA and therefore changing its permeability, it was determined to lump the resistance of these screens into the value of !. In other words, the RHA and the mesh screens were treated as one resistor with an experimentally determined permeability.
Major Losses
Major and minor losses are pressure drops across elements due to viscous effects [4] . These viscous effects create flow resistances that, for the sake of simplicity, we will refer to as major and minor loss resistances.
Major losses are given by the Darcy-Weisbach equation:
where ƒ is the Darcy friction factor and is given by
! is the length of the element in the flow direction, ! is the velocity of water through the element and is given by
! ! is the hydraulic diameter and is given by
!" ! is the Reynolds number and is given by
! is the area perpendicular to the direction of flow, and !" ! is the wetted perimeter of the element. Substituting Eqs. (7), (8), and (10) into Eq. (6) yields
From Eqs. (2) and (11), it can be shown that the effective resistance associated with major losses, ! ! , is given by
Therefore, as ! ! becomes large, the major loss resistance quickly becomes negligible. Table 1 shows the hydraulic diameter (or similar characteristic length) of several cross-sections within the system. Because the hydraulic diameter of the flow-restricting nozzle is much smaller than the hydraulic diameter anywhere else in the system (by at least an order of magnitude), major loss resistances can be neglected everywhere except in the flow-restricting nozzle. Also, since Eq. (7) is only valid for laminar flow, care was taken to ensure that the Reynolds number did not exceed 2300 in the nozzle. For a flow rate of 1.67E -6 m 3 /s (6 L/hr), the Reynolds number in the nozzle was found to be 1870 (note that the nozzle has a square cross-section of edge length .001 m).
An assumption was made that flow in the nozzle is fully developed. This is unlikely to be true since the nozzle length is only .005 m. However, it was determined that since the major loss over the nozzle is the smallest of the losses considered to be significant, any error associated with this assumption would be small when applied to the entire system.
Minor Losses
Minor losses are given by
where ! ! is the minor loss coefficient and can be obtained from tabulated data. Substituting Eq. (8) yields
Comparing with Eq. (2) gives the minor loss resistance as
For the situation of contraction of the fluid into the nozzle, ! ! = 0.48 and ! is the area inside the nozzle [4] . Again, because the resistance is dependent on ! ! , minor losses in other parts of the bulb can be neglected by the order of magnitude argument. Note that there is no corresponding resistance associated with expansion of the fluid after the nozzle. This is because flow stops after the nozzle and water simply drips through the EOL.
The only significant resistances in the system, then, are the resistance of the RHA, major loss resistance through the flowrestricting nozzle, and minor loss resistance due to contraction of the fluid into the nozzle. Because the fluid must pass through each of these resistances, they can be treated as resistors in series and summed to give a total resistance of the system. Thus,
Finally, for any chosen nozzle geometry and RHA configuration (assuming permeability is held constant), Eq. (1) can be used to predict flow rate:
Note that since ! ! is dependent on !, Eq. (17) is implicit and must be solved using numerical methods.
Residence Time
The residence time is the amount of time the water spends inside the RHA and in contact with the purifying agent (silver nanoparticles).
where ! is the velocity of water through the RHA and ! is the length of the RHA in the flow direction. Substituting Eq. (8) yields
where ! !"# is the total volume of the rice husk ash. It was assumed that as long as two prototypes had equivalent residence times, the purification level achieved by each would also be equivalent. Therefore, any increase in flow rate must correspond with an appropriate increase in ! !"# .
DESIGN TOOL AND OPTIMIZATION
The equations described in the previous section were used to create a design tool in Microsoft Excel. This tool allows designers to input the physical parameters of the bulb (nozzle dimensions, RHA properties, and fluid properties) and predict the resulting flow rate through the bulb. Resistances are calculated using Eqs. (5), (12), and (15), and Eq. (17) is used to give the flow rate for a given pressure head. Because ! ! is dependent on the flow rate, an initial guess for ! is required, and the solver is used to ensure that the initial guess and the predicted value of ! converge to the same value. The residence time is also calculated so that designers can ensure that minimum purification requirements are met.
This provides a snapshot of the flow at a single moment in time. In order to see how the flow behaves with respect to time, the dynamic pressure head must be taken into account (i.e. as water is filtered and passes to the other side of the bulb, the pressure driving the flow is reduced). To accomplish this, the calculated values are used as initial conditions for a step-wise solution where the resistances and flow rate are recalculated every five seconds. Automatically-generated figures based on these data allow designers to see how the filter will operate for an entire filtration cycle. The design tool thus provides a convenient method for designers to virtually prototype various bulb configurations and observe performance without developing expensive physical models.
Once the design tool was complete, it was used to optimize the configuration of the Tata Swach bulb. The goal of the optimization problem was to reach a maximum flow rate with the constraints that the residence time could be no shorter than in the original bulb (to preserve efficacy) and the plastic body of the bulb could not be significantly altered (to preserve manufacturability and cost). Measurements of bulb dimensions showed that the current length of the RHA is 32 mm, and there is approximately 16 mm of empty space between the top of the RHA and the bottom of the nozzle. The RHA length, therefore, could be increased by 50% without changing the plastic body of the bulb. This means that the flow rate could also be increased by 50% while maintaining the current minimum residence time. With this objective in mind, the design tool was used to determine the nozzle parameters that would achieve the desired flow rate. It was determined that a nozzle orifice size of 4 mm would result in a new flow rate of 2.51E -6 m 3 /s (9 L/hr), a 50% increase from the current flow rate of 1.67E -6 m 3 /s (6 L/hr). Note that these flow rates are the maximum flow rate achieved when the upper container of the system is completely full. This was considered to be an optimized flow rate as it is the maximum allowable flow rate that can be achieved in the current embodiment of the bulb without altering residence time (efficacy) or manufacturability and cost associated with the plastic container.
EXPERIMENTAL VERIFICATION
Equation (19) shows that in order to increase volumetric flow rate through the bulb by a certain factor without changing residence time, the length of the RHA filtration element must be increased by the same factor (area held constant). This was the basis upon which a prototype was created.
The stock Swach bulb was first studied by measuring its total volume output at uniform time intervals, given 15 cm of initial pressure head, ℎ ! , as measured in the upper container (refer to Fig. 1 ). The same method was used to generate similar data for other Swach bulbs that were modified from the original. A prototype bulb was made by removing the flowrestricting nozzle (making it a 4.0 mm wide square hole), and adding RHA material to the inner bulb to increase its length by 50% (corresponding to a 50% increase in volumetric flow rate as per the logic above). Bulbs with different nozzle dimensions (1.3, 2.0, 8.0 mm side lengths) were fabricated by modifying nozzles of existing bulbs, and were tested in the same fashion as before. These experiments were performed to compare the original bulb with the prototype that was designed using the flow model described above, to demonstrate the sensitivity of volumetric flow rate to nozzle size when the nozzle is small (< 2.0 mm), and to demonstrate the significance of the nozzle resistance for large nozzle dimensions.
The manufacturing specifications and variation of the Swach bulb were measured for 5 samples and are shown in Table 2 . Variation of measurement between these samples were used in the mathematical model to account for manufacturing error. The permeability of the RHA was found by fitting the mathematical model to 4 experimental data sets with different nozzle and RHA dimensions (Tab. 3), but with the same RHA medium. This was found to be approximately 5.5E
-11 m 2 . The strong consistency between experiment and theory for all four data sets suggests the suitability of this model to the flow characteristics in the Swach bulb. The mathematical model was found to agree with stock Swach bulbs (Fig. 3) as well as a prototype bulb (Fig. 4) . Both the variation in nozzle size and RHA length due to manufacturing error have been accounted for in the theoretical model (error bars).
A 50% increase in the maximum volumetric flow rate from the original bulb is achieved in the prototype bulb (Fig. 4) . Here, the flow restricting nozzle piece was removed to create a 4.0 mm square hole, which effectively removed this resistance. In order to maintain residence time, the RHA length was increased by 50% by adding 18 mm of RHA length to the original 35 mm.
Error bars are more pronounced for the stock bulbs (Fig. 3 ) because changes in nozzle size when the nozzle is small lead to On the other hand, the model shows that above certain nozzle dimensions (> 4.0 mm side lengths), the flow rate through the bulb is no longer sensitive. This was experimentally confirmed by testing bulbs with the same RHA length but with 4.0 mm and 8.0 mm sized nozzles (Fig. 6) . In this size range the nozzle resistance is negligible, so any changes in size and therefore resistance lead to minimal changes in flow rate.
Let ! ! and ! ! represent two flow resistances, where ! ! is a flow-restricting nozzle (Fig. 7) . If ! ! ≫ ! ! (e.g. where ! ! is a very small nozzle), then the system is very sensitive to ! ! . Fig.  5 demonstrates this sensitivity when the flow-restricting nozzle is < 2.0 mm. On the other hand, if ! ! is reduced and ! ! ≪ ! ! , then changes in ! ! will not affect the flow. Fig. 6 demonstrates the low sensitivity of flow rate to nozzle size when the flow restricting nozzle is > 4.0 mm.
The flow model was shown to closely track flow data from experiments performed using the Tata Swach. Its use as a design tool additionally describes sensitivities that Tata can now account for. It demonstrates that Tata may increase flow rate by increasing nozzle size while increasing RHA length. The existing dimensions of the Swach bulb allow this to be done without any drastic changes to geometry. At the same time, if nozzle sizes were increased beyond 4.0 mm, Tata may not need to improve manufacturing tolerances due to the reduced sensitivity of flow rate to nozzle size in this regime.
CONCLUSIONS
The impact of this work is manifold. First, by developing a mathematical model of the flow, the effects of certain features on filter performance are elucidated. For example, it is now apparent that flow rate is highly sensitive to the size of the orifice in the flow-restricting nozzle. The model shows that R M and ! ! are proportional to ! ! !! . This means that very small changes in orifice size can result in drastically different flow rates. The importance of tolerances is quantified and failure points are highlighted, allowing Tata Chemicals Ltd. to develop a more robust system. Also, the design tool allows Tata Chemicals to create prototypes virtually before creating them physically. Concepts with poor performance can be ruled out before expensive building and testing occurs. This will reduce new product development times and costs.
The optimization methodology demonstrated here can be applied to other similar systems. Individuals or organizations interested in water purification or hydraulic systems can use a similar approach to characterize flow and optimize system performance. Future work should focus on determining an accurate value for the permeability of the RHA. This should be left to Tata Chemicals as the value of ! will be highly dependent on their standard packing and assembly procedure. At that point, it may also be useful to separate the effects of the two mesh screens from the permeability of the RHA. Finally, consideration of resistances that were neglected in this work may lead to greater accuracy, though researchers should bear in mind the relative magnitude of errors associated with each assumption as well as the ultimate purpose of the model in order to determine if such work is worthwhile.
